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I . Numerical  Methods  for  Optimal  Control  of  Equations  with 
Delays  (II.  T.  Banks) 

1 . Spline-type  techniques. 

During  the  summer  of  1977  Banks  and  F.  Kappel  (a 
visitor  from  Austria)  made  significant  progress  on  a conceptual 
and  theoretical  framework  for  the  use  of  spline-based  approxi- 
mations to  compute  solutions  of  systems  of  delay  equations. 

These  efforts  were  in  the  general  direction  of  finding  alterna- 
tives to  and,  hopefully,  improvements  on  the  "averaging"  approxi- 
mation ideas  developed  earlier  by  Banks  and  J.  Burns.  During 
the  fall  Banks  has  carried  out  niimerical  experiments  with  tech- 
niques based  on  linear  spline  approximations.  The  results  of 
these  efforts  suggest  that  our  original  expectations  for  the 
spline-type  schemes  were  perhaps  too  conservative.  For  example, 
our  original  convergence  estimates  predicted  first  order  con- 
vergence for  the  linear  spline  techniques.  However,  a careful 
analysis  of  our  results  from  numerous  test  examples  reveals  that 
for  integration  (i.e.,  numerical  solution)  of  delay  equations 
the  method  is  actually  second  order  convergent.  Banks  is  cur- 
rently in  the  process  of  following  up  on  these  findings  in  two 
ways.  First,  he  is  developing  software  packages  to  use  the 
linear  spline  approximations  in  solving  optimal  control  problems 
with  delay  systems.  Our  conjecture  here  is  that  the  method  will 
also  turn  out  to  be  numerically  second  order  convergent.  The 
second  line  of  investigation,  which  is  also  prompted  by  our 
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numerical  findings  this  fall,  is  theoretical  in  nature.  The 
phenomenon  that  order  splines  give  (N+D—  order  con- 

vergence in  actual  computations  is  one  that  is  found  in  the 
use  of  finite-element  (i.e.,  spline)  methods  for  solution  of 
strongly  coercive  ordinary  and  partial  differential  equation 
boundary  value  problems.  (One  can  even  give  an  improved  con- 
vergence and  error  analysis  in  special  cases.)  Banks  is  pur- 
suing investigations  in  an  attempt  to  prove  conclusively  that 
a similar  phenomenon  is  found  in  use  of  the  spline  based 
methods  for  certain  classes  of  optimal  control  problems. 

2 . Difference  equation  type  techniques . 

D.  Reber,  under  the  direction  of  Banks,  has  completed 
his  Ph.D.  thesis  on  modifications  (of  the  Banks-Burns  theoreti- 
cal framework)  which  result  in  difference  equation  approxima- 
tions (as  opposed  to  the  finite  systems  of  ordinary  differen- 
tial equations  in  the  Banks-Burns  approach) . Both  theoretical 
and  computational  efforts  to  study  general  linear  nonautonomous 
(time-varying)  system  control  problems  (via  the  "averaging" 
type  approximation  scheme)  were  made.  The  results  indicate 
that  while  the  methods  developed  by  Reber  offer  a viable  alter- 
native, one  cannot  expect  to  make  significant  gains  here  unless 
one  employs  something  better  than  a simple  first  order  differenc- 
ing scheme  on  derivatives  in  the  problems.  Banks  and  Reber  are 
currently  developing  a framework  to  handle  higher-order  differenc- 
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ing  schemes.  In  addition,  they  have  begun  efforts  to  extend 
some  of  these  ideas  to  treat  rather  general  nonlinear  delay 
system  control  problems.  Schemes  involving  approximations 
other  than  "averaging"  type  (e.g.,  splines)  are  being  inves- 
tigated in  connection  with  higher  order  difference  methods. 


I I . Optimal  Control  of  Diffusion-Reaction  Systems.  (H.T.  Banks) 
Banks,  J.P.  Kernevez  and  M.  Cuban  (an  assistant  to 
Kernevez  at  University  de  Technologie  de  Compidgne)  have  begun 
their  efforts  on  methods  for  optimization  of  diffusion-reaction 
problems 
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through  boundary  controls.  (Here  v is  a nonlinear  reaction 
velocity  approximation  determined  by  the  specific  reactions 
considered.)  Several  different  (as  yet  we  don't  know  which  will 
prove  "best"  from  a practical  standpoint)  theoretical  formula- 
tions (along  with  necessary  v^onditions  for  optimization)  have 
been  studied.  Some  initial  numerical  computations  have  been 
made,  but  it  is  still  too  early  in  our  efforts  to  make  any 
definitive  statements  regarding  practical  feasibility  and  com- 
parisons of  different  approaches. 


4. 


III.  Nonlinear  Oscillations  (J.  K.  Hale) 

Suppose  the  equation 

X + G(x)  = 0 

has  a 27T-periodic  solution  p(t)  for  which  the  linear  varia- 
tional equation 

y + G ' (p  (t)  ) y = 0 

has  two  linearly  independent  solutions.  If  I’  is  the  periodic 
orbit  in  (x,x) -space  generated  by  p,  then  a fundamental  pro- 
blem in  nonlinear  oscillations  is  to  study  the  existence  of  2-n- 
periodic  solutions  near  F of  the  equation 

X + G (x)  = Xx  + yf ( t) 

where  X,y  are  small  real  parameters  and  f{t)  is  2TT-periodic. 
Under  an  additional  generic  hypothesis  on  G"  and  f,  Hale  and 
Taboas  have  given  a complete  solution  to  this  problem  by  specify- 
ing the  bifurcation  curves  in  (X,y) -space  across  which  the  num- 
ber of  2Tr-periodic  solutions  changes. 
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IV.  Qualitative  Theory  for  Ordinary  and  Partial  Differential 

Equations  (J.  K.  Hale) 

Two  students  of  Hale  have  essentially  completed  their 
Ph.D.  dissertations.  Gene  Cooperman  has  given  a definitive 
answer  for  when  a mapping  T on  a metric  space  has  a maximal 
compact  invariant  set.  The  stability  properties  of  this  set 
are  also  discussed.  These  results  have  application  to  stability 
theory  and  the  existence  of  periodic  solutions  of  ordinary  dif- 
ferential equations,  partial  differential  equations  and  func- 
tional differential  equations.  The  other  student,  Nicholas 
Alikakos  has  completed  research  on  the  asymptotic  behavior  of 
the  solutions  of  reaction  diffusion  equations  of  the  form 

du . 

^ = v.Au.  + f (u^,...,u^) , i = l,2,...n 

with  normal  boundary  conditions.  Under  certain  conditions  on 
f he  has  shown  that  the  solutions  asymptotically  approach 
solutions  of  the  ordinary  differential  equation.  This  is  true 
for  all  values  of  the  > 0. 

V.  Control  Systems  (J.  P.  LaSalle) 

1 . Stable  feedback  generators . 

An  initial  effort  on  this  problem  by  LaSalle  and  J.  Palmer 
(a  student  of  LaSalle's)  has  been  discontinued.  Some  progress 
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was  made  on  attempting  to  extend  the  concept  of  solutions  of 
differential  equations  with  discontinuous  right-hand  sides. 
Earlier  work  of  Fillipov,  Hermes,  Hajek,  and  others  was  ex- 
tended. However,  we  recently  learned  of  work  of  Aizerman  and 
one  of  his  colleagues  at  the  Institute  of  Control  Sciences, 
Moscow,  in  this  same  direction  and  concluded  that  while  in- 
teresting it  does  not  seem  to  provide  the  necessary  mathema- 
tical framework  for  the  problem  of  investigating  stable  feed- 
back generators.  Lacking  any  fresh  ideas,  LaSalle  decided  to 
assign  Palmer  another  problem. 

2 . Learning,  identification  and  adaptation . 

The  concept  of  eventual  stability  for  nonautonomous 
ordinary  differential  equations  was  introduced  by  LaSalle 
around  1958  and  studied  by  R.  Rath  in  his  Notre  Dame  Ph.D. 
dissertation,  1962.  An  application  was  made  in  1963  (R.  Rath 
and  J.  P.  LaSalle,  "Eventual  Stability",  Proceedings  of  Second 
IFAC  Congress,  Basel,  1963)  to  prove  the  convergence  of  a 
scheme  for  adaptive  control.  It  is  clear  today  that  the  concept 
of  eventual  stability  is,  and  should  be,  related  to  the  limiting 
equations  of  nonautonomous  systems. 

This  fall  LaSalle  and  Zvi  Artstein,  Weizmann  Institute 
of  Science,  Israel,  began  a joint  investigation  of  the  relation- 
ship of  questions  of  stability,  adaptation,  identification,  and 


learning  to  the  liir.iting  equations  of  control  systems.  This 
research  is  discussed  in  more  detail  in  our  proposal  for  re- 
search for  continuation  of  this  grant. 
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3 . Stability . 

a . Functional  differential  e q u a tj. ons  . 

Under  the  direction  of  LaSalle,  Palmer  has  com- 
pleted an  extension  of  Liapunov's  direct  method  for  the  study 
of  the  stability  of  nonautonomous  functional  (delay-differen- 
tial) equations. 

b.  Stability  of  nonautonomous  difference  equations. 

M.  Latina,  R.  I.  Jr.  College,  under  the  direction 

of  LaSalle  has  almost  completed  an  extension  of  the  invariance 
principle  and  Liapunov's  direct  method  for  nonautonomous  dis- 
crete systems  (time-varying  difference  equations) . LaSalle 
gave  in  outline  form  the  development  of  this  theory  in  his 
lectures  at  an  NSF-CBMS  Regional  Conference  on  Applied  Mathema- 
tics, Mississippi  State,  August  1975.  Latina  is  filling  in 
the  details  of  the  outline  and  has  made  improvements  in  the 
theory.  This  summer  they  plan  to  work  at  applications. 

4 . Stability  and  control  of  discrete  processes . 

LaSalle  is  working  on  a two  volume  work  on  the  control 

and  stability  of  discrete  processes.  A first  draft  of  Volume  I 
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on  linear  systems  was  completed  last  summer.  Since  then  LaSalle 
has  worked  on  organizing  Volume  II,  which  will  be  directed  to- 
wards the  more  general  nonlinear  theory  of  both  stability  and 
control.  It  seemed  desirable  to  see  the  exposition  as  a whole 
before  undertaking  the  rewriting  of  Vol.  I.  One  of  the  reasons 
for  this  is  that  Vol.  I will  contain  statements  of  results  and 
illustrations  of  how  they  are  applied  with  the  underlying  theory 


deferred  to  Volume  II. 
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APPROXIMATION  Ti; CIIN lOUR 0 FOR  CONTROL  SYSTIXIS  NITN  DFLAYS 


U.  T.  Banhr, 
and 

J.  A.  Burns 
Abstract 


Me  present  a tlieoretical  franie\/ork  Tor  approximation  techniques 
for  nonlinear  system  o[>Limal  control  problems.  Too  particulai' 
approximation  schemes  that  may  be  used  in  tlie  context  of  this  frame- 
work are  discussed  and  tyi^ical  numerical  results  for  two  oxarn[)los  to 
which  we  have  applied  these  schemes  are  qiven.  "q  conclude  with  a 
brief  survey  of  related  inves tiyations . 
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PHASI]  SPACE  FOR  RETARDED  EQUATIONS 
WITH  INFINITE  DELAY 

Jack  K.  Hale  and  Junji  Kato 

Abstract 

It  is  the  purpose  of  this  paper  to  examine  initial  data  from  a 
>jeneral  Banach  space.  We  develop  a theory  of  existence,  uniqueness, 
continuous  dependence,  and  continuation  by  requiring  that  the  space 
B only  satisfies  some  general  qualitative  properties.  Also,  we 
impose  conditions  of  B which  at  least  indicate  the  feasibility  of 
a qualitative  theory  as  presently  available  for  retarded  equations 
with  finite  delay,  the  space  of  continuous  functions.  In  particular, 
this  will  imply  that  the  essential  spectrum  of  the  solution  operator 
for  a linear  autonomous  equation  should  be  inside  the  unit  circle  for 
t > 0. 

A few  remarks  at  the  beginning  will  assist  the  reader  in  under- 
standing why  our  axioms  prevent  the  norm  in  the  space  from  imposing 
any  differentiability  properties  on  the  initial  functions.  In  the 
applications,  it  is  certainly  convenient  at  times  to  require  the 
initial  functions  to  belong  to  a Banach  space  of  functions  which  have 
some  derivative  satisfying  specified  properties.  However,  if  one 
considers  all  differential  equations  whose  right  hand  sides  are 
continuous  or  continuously  differentiable  in  such  a space,  then  the 
equations  will  be  of  neutral  type;  that  is,  the  derivatives  of  the 
independent  variable  will  also  contain  delays.  The  theory  for  such 
systems  certainly  should  be  developed  but  it  will  require  much  more 
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sophistication  than  the  one  described  in  the  text. 

Our  axioms  are  imposed  to  ensure  that  only  retarded  equations 
will  be  considered.  This  does  not  mean  that  one  cannot  consider  these 
retarded  equations  with  the  initial  data  restricted  to  certain 
Banach  spaces  which  impose  conditions  on  the  derivatives.  In  fact, 
one  can  consider  such  spaces  vdiich  can  be  continuously  imbedded 
(completely  continuously  embedded)  in  a space  satisfying  the  axioms 
in  the  text  to  obtain  existence  and  uniqueness.  The  other  properties 
could  be  investigated  using  the  differential  equation  itself  and  the 
fact  that  everything  is  known  in  the  larger  space.  These  remarks  are 
not  meant  to  imply  that  the  task  is  trivial  but  are  merely  suggestions 
as  to  how  one  could  possibly  proceed. 


APrnOXIMATIOI^  OF  nONLTNI'AR  FU.'ICTJONAL 
DIFFKKJXITIAL  i.  HJATION  COriTRO].  SYSTIXir; 

11.  T.  Banks 

AbstrncL 

We  develop  a general  api.'rox.inialiion  framev/ork  for  use  in  optimal 
control  problems  governed  by  nonlinear  functional  differential 
equations.  Our  approacli  entail.s  only  the  use  of  linear  semigroup 
appro.ximation  results  while  the  nonlinearities  are  treated  as 
perturbations  of  a linear  system.  Numerical  results  are  presented 
for  several  simple  nonlinear  optimal  control  problem  examples. 


BIFURCATION  NFAR  FAMILIES  OF  SOIRJTIONS 


Jack  K . Hale 

Summary : Many  invest. icjations  in  bifurcation  theory  are  concerned 

with  the  following  problem.  If  M(0,0)  = 0 and  DM(0,0)/3x  has 
a nontrivial  null  space,  find  all  solutions  of  t!ie  equation 

M(x,X)  = 0 (1.1) 

for  (x,A)  in  a neighborhood  of  (0,0)  e X x A. 

If  dim  A = 1;  that  is,  there  is  only  one  parameter  involved 
then  the  existence  of  more  than  one  solution  in  a neighborhood  of 
zero  can  bo  proved  by  making  assumptions  only  about  3M(0,0)/Dx  and 
DM (0,0) /ax 9 A . however,  if  dim  A >2,  then  the  problem  is  much  more 
difficult  and  more  detailed  information  is  needed  about  the  function 
M.  A careful  examination  of  the  existing  literature  for  dim  ^ 2 
reveals  that  the  additional  conditions  imposed  on  M imply,  in 
particular,  that  tlie  solution  x = 0 of  the  equation 

M(x,0)  = 0 (1.2) 

is  isolated  (see,  for  example,  the  papers  on  catastrophe  theory). 

These  hypotheses  eliminate  the  possibility  that  Ec;|uation  (1.2)  has 
a family  of  solutions  containing  x = 0.  Such  a situation  occurs, 
for  example,  for  M(x,A)  - Ax  + N(x,A),  wliero  A is  linear  with  a 
nontrivial  null  s[)ace  and  N(x,0)  = 0 for  all  x.  There  also  are 
interesting  applications  where  Equation  (1.2)  is  nonlinear  and  there 
exists  a family  of  solutions.  For  example,  Equation  (1.2)  could  be 
an  autonomous  ordinary  differential  equation  with  a nonconstant 
periodic  orbit  of  period  2 II  with  the  family  of  solutions  being 


Summary  (continued) 


obtained  by  a phase  sliift.  Vdien  the  diCfcrential  equation  in  the 
latter  situation  is  a Hamiltonian  system,  the  parameters 
could  correspond  to  a small  damping  term  and  n small  forcing  term  of 
period  2II.  To  the  author's  knowledge,  the  first  complete  investiga- 
tions of  special  problems  of  eacli  of  these  latter  types  are  contained 
in  papers  by  Halo,  Taboas  ar.d  Rodrigues. 

It  is  the  pur[H)se  of  t liis  i>aper  to  begin  I !v'  investigation  ol 
the  aljstract  probl'^m  for  equation  (1.1),  esticciaily  to  extend  the 
results  in  the  paper  by  Hale  and  Taboas. 


INTEl^CTION  OF  DAMPING  AMD  FORCING  IN  A SECOND  ORDER  EQUATION 


by 


Jack  K.  Hale  and  Placido  Tdboas 

Synopsis . Suppose  A,)i  arc  real  parameters,  f is  a scalar  func- 
tion which  is  2iT-periodic , xcj(x)  > 0 for  x / 0 and  consider  the 
equation 


X + g (x)  = -Ax  + )j  f (t)  . 


(1] 


For  A = )i  = 0,  every  solution  has  the  form  x(t)  = <j)((i)(a)t  + a,  a) 
for  some  constants  a, a and  <}){0  + 2TT,a)  = if  there  is  an 

a^  such  that  ^(3^)  = 1 (i.c.,  there  is  a 2Tr-periodic  orbit  r 

in  (x,x)-space)  and  wMaQ)  0,  the  problem  is  to  characterize 
the  number  of  27r-periodic  solutions  of  Equation  (1)  which  lie  in 
a neighborhood  of  T for  (A,ii)  in  a small  neighborhood  of  (0,0), 

A complete  solution  of  this  problem  is  given  under  the  hypothesis  that 


the  function  h(a)  = 


2tt 


^^<^(t,aQ)/^tlf  (t-a)dtj 


/ 


2tt 


[9iti(t,aQ)/atl‘'dt  has  a nonzero 


derivative  except  at  a finite  number  of  points  and  h"(aj)  / 0. 

The  bifurcation  curves  in  (X,vi) -space  are  determined  by  the 
and  are  tangent  to  the  straight  lines  A = h(aj)R  at  (A,)j)  = (0,0). 
In  general,  the  2Tr-periodic  solutions  of  (1)  are  not  continuous  at 
(A,r)  = (0,0).  The  nature  of  this  discontinuity  is  discussed  in 
detail.  It  is  also  shown  that  a necessary  and  sufficient  condition 
for  a 27r-periodic  solution  x(A,h)  to  be  continuous  at  (A,u)  = (0,0) 
is  that  \/\\  ->  constant  as  A ->  0,  y ->  0. 


Gl'^NKRIC  BIFURC/'.TION  VJITll  APPLICATIONS 


J.  K.  Hale 

Abstract : This  paj)or  is  a set  of  lecture  notes  on  generic  bifurcation 

and  its  ajjplications  witli  the  emphasis  on  equations  involving  morn 
than  one  independent  parameter.  The  goieral  theory  is  discussed  for 
problems  \;hich  are  degenerate  to  order  one  or  two.  Applications  are 
given  primarily  to  the  buckling  of  plates  and  shells  'vith  the  parameter 
representing  external  forces,  loading,  imperfections,  curvature  and 
dimension.  ! 


r,i:NHRic  BjruRCATion  vjttii  applications 


J.  K.  Hale 

Abstract : This  pajjor  is  a sot  oC  lecture  notes  on  generic  bifurcation 

and  its  applications  with  t!ie  emnliasis  on  equations  involving  more 
than  one  independent  parameter.  The  general  theory  is  discussed  for 
problems  \/hich  are  degenerate  to  order  one  or  two.  Applications  are 
given  primarily  to  the  buckling  of  p].ates  and  shells  '-^ith  the  parameter 
representing  external  forces,  loading,  imperfections,  curvature  and 


dimension . 


TOPTC\S  IN  I.nCAL  BIFURCATION  TllFORY 


by 

Jack  K.  Halo 


Abs  Lrnc  t 


Suppose  A,X,2  ace  Banach  spaces,  M:A  x X Z is  a 
mapping  continuous  together  with  derivatives  up  through  some 
order  r.  A bifurcation  surface  for  the  equation  (1) 

M(A,x)  =0  is  a surface  in  parameter  space  A for  v^7hich 
the  number  of  solutions  x of  (1)  clianges  as  \ crosses 
this  surface.  Under  certain  generic  hypotheses  on  M,  the 
author  and  his  colleagues  have  shown  that  one  can  systematic- 
ally determine  the  bifurcation  surfaces  by  elementary  scaling 
techniques  and  the  implicit  function  theorem.  This  talk  gives 
a summary  of  these  results  for  the  case  of  bifurcation  near 
an  isolated  solution  or  families  of  solutions  of  the  equation 
M(Xp,x)  = 0.  The  results  have  applications  to  the  buckling 
theory  of  plates  and  shells  under  the  effect  of  external  forces, 
imperfections,  curvature  ar.d  variations  in  sliape.  The  results 
on  bifurcation  near  families  has  applications  in  nonlinear 
oscillations  and  the  theory  of  homoclinic  orbits. 


liiP'Di^CA'i’J (JIJ  MiiAR  !)i:c;i;rj);i<A'n':  i’amj  i,i i:s 


by 

iJnck  K.  Hale  and  Piacldo  'I'aboa.s 

AbntracL:  Hupponc'  X,  A,',',  <ir(’  Manaeh  r^ii.ice,  M:  X A > 7.  is  .1 

smooth  function  and  tlie  c ;uatjon 


M(x,’‘A  = n, 


(1) 


for  X = 0,  has  a one  parameter  family  of  smooth  solutions  p{s), 

0 < s < .1,  p(0)  = p(l)  v.'ith  dp(s)/ds  / O.  If  r={p(s),0ys<l 
the  objective  is  to  discuss  the  solutions  of  (1)  near  1’  for  A in 
a neighborhood  of  zero.  Assuming  A(s)  = c'M  (p  (s)  , 0) /9s  is 
Fredholm  of  index  zero  anc;  dim  .A{A{s))  = h for  0 < s < I,  tlic 
authors  have  previously  given  a solution  to  this  problem  under  natural 
hypotheses  on  tb  In  this  paper,  the  case  where  dim  ^f(A(s))  = 2 
is  considered.  Applications  are  given  to  the  effect  of  small  damping  | 

I 

and  small  forcing  on  the  e;;istonce  of  periodic  solutions  near  a ! 

{leriodic  solution  of  an  aiitonomous  Hamiltonian  system.  j 


tji:w  sTAiiTF.rrv  roi^  rjoMAU'ronoMoij; 


SV.STIiM.S 


)r/ 


>!.P. 


Abstract 


The  nev;  iavar iaiicc;  pro[>or t i ('■s  that  h.i'."'  iH-en  cstabl  Lslicd 
for  iionautonopioLis  oi'dinary  differential  eejuations  greatly  extend 
the  range  and  power  of  Liapunov's  direct  method  for  tlie  study  of 
the  stability  of  t ime-varying  systems.  An  essential  feature  of 
the  methotl  is  the  establishment  of  a relationship  betv%'cen  Liapunov 
functions  and  tlie  location  of  the  positive  limit  sets  of  soliJtions. 
The  principal  contriljution  of  tliis  pa[)or  is  a tlieorem  connecting 
Liapunov  functions  and  positive  limit  sots  of  sufficient  generality 
to  close  a gaf)  in  the  present  theory. 


STABILITY  TIIEOKV  FOB  DIFFKRLtJCF  FOIJATIONS 


,1 . P.  LaSnllo 


Abstract 


This  article  is  designed  to  give  througli  the  study  of 
difference  equatioti  (discrete  dynamical  systems)  a view  of  and  an 
introduction  to  the  general  theory  of  tlie  stability  of  dynamical 
systems  in  its  most  modern  aspect.  Much  of  what  is  presented 
licre  is  known,  aJtliougli  not  perliaps.  as  well  !;nov.'n  as  it  should  bc', 
and  there  are  some  tilings  that  arc  new.  One  of  tlieso  has  to  do 
with  a connectedness  propt:rty  of  tlie  positive  limit  sets  of  the 
solutions  of  difference  equations  which  provides  a means  through 
the  use  of  Liapunov  functions  of  establishing  the  existence  of 
equilibrium  points  (fixed  points)  and  oscillations  (periodic  points). 
Another  is  the  generalization  of  the  usual  concept  of  a vector 
Liapunov  function,  and  this  leads  to  a iiossiblc  method  of  designing 
control  systems  where  the  measure  of  the  error  or  the  performance 
criterion  is  a vector  rather  than  a scalar.  Applications  of  the 
theory  are  illustrated  by  simple  examples. 

The  article  was  written  for  undergraduate  teachers  of 
mathematics  but  it  should  also  serve  as  a good  introduction  for 
engineers  and  scientists  to  the  latest  results  in  the  theory  of 
the  stability  of  dynamical  systems. 


Abslmct  of  ArnioxuiArinii  Aiii)  c!’T.inAi,  foiiTHoi,  or  i.ifir.'AR  i(i:i't;nirARY  SYm-rnr, 
by  DougbiG  0!it'ir;tinii  R(',l>i-r,  I'l).)).,  brown  Un  ivorn  i I y , June  ]97n. 

Our  conc'31  II  in  t.his  i nves  i If'/it.lon  Is  viitti  i.lic  n(  proximal;  ion  and  opi.iinal 
control  of  syslcrnr;  (^ovr'rncd  by  I i nnar  rolarrli’d  I nnr,  l.  i on-i  I d i f I ^T'oii  I in  I 
tioris  (fDIi).  In  rluipler  I wr  cslablish  I bn  nxisionco,  nniquGnorss  and  contin- 
uous dependence  of  so.lufions  of  UMi.  He  fvsrfhor  demons  i ra  i.o  i.hai.  certain 
arc  Cent  i vn  .1  rn  I if'  corr'-npond  f nc  .ib;;li’a'’l  ordinirv  di  I I I'r'-nt  i.i  1 I■(|IM  i i (inn  lol'l  ). 
Sucb  ODK  arc  also  bno'wn  as  alislraci  I'vohiiion  f'lpia  I i ons.  (Abb).  bhapU’r  II 
details  the  manner  in  which  these  Abb  may  he  aj'proximn' ed  I'y  diffei'encc  erpja- 
i-ions  in  finite-dimensional  spaces. 

The  optimal  control  probloih  for  systems  governed  by  FDb  is  i.hen  reduced 
to  a sequence  of  mat hematica)  programming  problems  in  chapter  III.  In  chajiier 
IV  we  discuss  numerical  results  for  two  systems,  having  applied  staiuiard  tech- 
niques of  numerical  analysis  to  com]UJLo  the  solulioris  of  the  approximating 
problems.  The  first  of  thes.e  systems  was  chosen  for  its  simplicity,  so  that 
an  analytical,  solution  would  he  readily  available;  the  second  system  is  assoc- 
iated with  a biochemical  process. 


A riniri:  di  n i:i!i:ii('i:  Ti.rim  foijf;  rop  rioi.virfr;  ni-rfMi/ATiori  phohlpms 
Govi:i:iJi:i)  p.y  MiiiiAr,  ; diictionai,  nfprpprrrriAi,  iiooatioii': 


by 


ir.  I ils  C. 


Ahf'.I.r.iri  : A:'pcTt  ;;  of  i )|o  .ip|>r-;:Jin.iLi.on  -hkI  rnnlr').)  of 

bv  l.in'’.ir  '^o  Imv'I'^iI  non  nil  on'inKm,  function. il  b i i ( or'^ii  i i .1 1 '•uu-il 
conctd^rofl.  Pirvci,  certrTin  IT>[:  arc  shown  >n  bo  oqu  i.  v,i  1 i-n  1.  lo 
-'ibnlrrirt  I'rdinary  difforcnffnl  .'r]u-itions  (Oflf:).  Nnxi,  ii  in  d 
I b'^.nc  nlni  r-Tcl  0()b  m.iy  lie  approximated  by  d v ( ' ca'cii'-r  cquavi  ons 
r)  i mens  i nn,-i  I r.pacc’;.  Tlio  n])iirn.il  r.oritroJ  problem  for  r;y:;  1 t-ins  T' 
I bon  rednrod  to  a .ccrpionce  of  m-ithematica  1 propramminr;  firof.lom: 
nnmorical  ronult-s  (or  two  examples  are  presoul  ed  and  d.iscussod 


systems  poveriu  i 
ions  (rDP. ) are 
oorrespondi  np, 
oiiionstratcd  ilnii 
in  finite 
’iverncd  liy  rDf  i- 
rinalJy, 
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